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Lp-Lq BOUNDEDNESS OF PSEUDO-DIFFERENTIAL OPERATORS
ON SMOOTH MANIFOLDS AND ITS APPLICATIONS TO
NONLINEAR EQUATIONS
DUVA´N CARDONA SA´NCHEZ, VISHVESH KUMAR, MICHAEL RUZHANSKY,
AND NIYAZ TOKMAGAMBETOV
Abstract. In this paper we study the boundedness of global pseudo-differential
operators on smooth manifolds. By using the notion of global symbol we extend a
classical condition of Ho¨rmander type to guarantee the Lp-Lq-boundedness of global
operators. First we investigate Lp-boundedness of pseudo-differential operators in
view of the Ho¨rmander-Mihlin condition. We also prove L∞-BMO estimates for
pseudo-differential operators. Later, we concentrate our investigation to settle Lp-
Lq boundedness of the Fourier multipliers and pseudo-differential operators for the
range 1 < p ≤ 2 ≤ q < ∞. On the way to achieve our goal of Lp-Lq boundedness
we prove two classical inequalities, namely, Paley inequality and Hausdorff-Young-
Paley inequality for smooth manifolds. Finally, we present the applications of our
boundedness theorems to the well-posedness properties of different types of the
nonlinear partial differential equations.
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1. Introduction
In this paper we investigate classical conditions for the boundedness of multipliers
and more generally, pseudo-differential operators in the context of the Fourier analysis
arising from the spectral decomposition of a model operator L on a smooth manifold
M (which can be closed or with smooth boundary). To explain the results in this
paper, let us recall the following classical results of Fourier analysis. If F : L2(Rn)→
L2(Rn) is the Fourier transform on Rn,
(Ff)(ξ) :=
∫
Rn
e−i2πx·ξf(x)dx, ξ ∈ Rn, f ∈ C∞0 (Rn), (1.1)
the function m is measurable on Rn, and the function ψ ∈ C0(Rn) is a test function,
under the following conditions,
1. (Ho¨rmander Mihlin Condition)
‖m‖l.u.Hs = sup
r>0
r(s−
n
2
)‖〈 · 〉sF [m(·)ψ(r−1| · |)]‖L2(Rn) <∞, s > n/2, (1.2)
2. (Paley-type inequality)
Mφ := sup
t>0
t{ξ ∈ Rn : φ(ξ) ≥ t} <∞, (1.3)
the operators Tm and T defined by
1’.
Tmf(x) :=
∫
Rn
ei2πx·ξm(ξ)(Ff)(ξ)dξ, f ∈ C∞0 (Rn), (1.4)
2’.
Tf(ξ) := (Fu)(ξ)φ(ξ)2(
1
p
− 1
2
), f ∈ C∞0 (Rn), (1.5)
admit bounded extensions Tm : L
p(Rn)→ Lp(Rn), for 1 < p <∞, and T : Lp(Rn)→
Lp(Rn), when 1 < p ≤ 2. These two classical results are due to Ho¨rmander (see
[25, pages 105 and 120]). So, the Ho¨rmander Mihlin Condition assures the Lp-
boundedness of multipliers of the Fourier transform, while, the Paley-type inequality
describes the growth of the Fourier transform of a function in terms of its Lp-norm.
Interpolating the Paley-inequality with the Hausdorff-Young inequality one can ob-
tain the following Ho¨rmander’s version of the Hausdorff-Young-Paley inequality,∫
Rn
|(Ff)(ξ)φ(ξ) 1r− 1p′ |rdξ
 1r ≤ ‖f‖Lp(Rn), 1 < p ≤ r ≤ p′ <∞, 1 < p < 2. (1.6)
Also, as a consequence of the Hausdorff-Young-Paley inequality, Ho¨rmander [25, page
106] proves that the condition
sup
t>0
tb{ξ ∈ Rn : m(ξ) ≥ t} <∞, 1
p
− 1
q
=
1
b
, (1.7)
where 1 < p ≤ 2 ≤ q < ∞, implies the existence of a bounded extension of Tm :
Lp(Rn) → Lq(Rn). The aim of this paper is to extend these results to the case of
smooth-manifolds, by using the Fourier analysis associated to a model operator L on
M. To formulate our results more precisely, let L be a pseudo-differential operator of
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order m on the interior M ofM in the sense of Ho¨rmander. This means that in every
coordinate chart on the interior M, L agrees with a pseudo-differential operator of
order m in some open subset of Rdim(M).
We assume that some boundary conditions called (BC) are fixed and lead to a
discrete spectrum with a family of eigenfunctions yielding a Riesz basis in L2(M).
However, it is important to point out that the operator L does not have to be self-
adjoint or an elliptic differential operator. For a discussion on general bi-orthogonal
systems we refer the reader to Bari [3] and Gelfand [18]. Now we formulate our
assumptions precisely. The discrete set of eigenvalues and eigenfunctions will be
indexed by a countable set I. We consider the spectrum {λξ ∈ C : ξ ∈ I} of L with
corresponding eigenfunctions in L2(M) denoted by uξ, i.e.
Luξ = λξuξ in M, for all ξ ∈ I, (1.8)
and the eigenfunctions uξ satisfy the boundary conditions (BC). We can think of
(BC) as defining the domain of the operator L. The conjugate spectral problem is
L∗vξ = λξvξ in M, for all ξ ∈ I,
which we equip with the conjugate boundary conditions (BC)∗. We assume that the
functions uξ, vξ are normalised, i.e. ‖uξ‖L2 = ‖vξ‖L2 = 1 for all ξ ∈ I. Moreover,
we can take biorthogonal systems {uξ}ξ∈I and {vξ}ξ∈I , i.e. (uξ, vη)L2 = 0 for ξ 6=
η, and (uξ, vη)L2 = 1 for ξ = η, where
(f, g)L2 =
∫
M
f(x)g(x)dx
is the usual inner product of the Hilbert space L2(M). We also assume that the
system {uξ} is a Riesz basis of L2(M), i.e. for every f ∈ L2(M) there exists a
unique series
∑
ξ∈I aξuξ that converges to f in L
2(M). It is well known that (cf.
[3]) the system {uξ} is a basis of L2(M) if and only if the system {vξ} is a basis
of L2(M). Our analysis will be based on the quantization process carried by the
non-harmonic analysis developed in [30, 31]. So, if C∞L (M) := ∩∞k=1Dom(Lk), an L-
pseudo-differential operator is a continuous linear operator A : C∞L (M) → C∞L (M),
defined by
Af(x) ≡ Tmf(x) :=
∑
ξ∈I
uξ(x)m(x, ξ)(FLf)(ξ), f ∈ C∞L (M). (1.9)
The L-symbol of A is the function m : M × I → C, and FLf is the L-Fourier
transform of f at ξ ∈ I, which is defined via,
f̂(ξ) ≡ (FLf)(ξ) :=
∫
M
f(x)vξ(x)dx.
In this paper, our main goal is to generalise the Ho¨rmander-Mihlin condition (1.2),
the Paley inequality (1.3), the Hausdorff-Young-Paley inequality , and the weak-Lb
condition (1.7), when the Fourier transform is replaced by the L-Fourier transform FL,
and instead of the Fourier multipliers defined by (1.4), we consider pseudo-differential
operators of the kind (1.9). Indeed, our main results can be summarised as follows.
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• With the notation of Definition 3.2, every L-pseudo-differential operator A,
can be realised as a pseudo-multiplier of L via (3.4) associating to A a con-
tinuous function τm : M × R → C interpolating the values of the symbol m
of A in the variable ξ ∈ I, in terms of the spectrum of |L|, in such a way that
m(x, ξ) = τm(x, λξ). In Theorem 3.6, we prove that the Ho¨rmander-Mihlin
condition,
‖τm‖l.u.Hs = sup
r>0,x∈M
r(s−
Qm
2
)‖〈 · 〉sF [τm(x, ·)ψ(r−1·)]‖L2(R) <∞,
with s large enough, and ψ implies that A ≡ Tm defined by (1.9) admits a
bounded extension on Lp(M), for all 1 < p < ∞. This in particular implies
that, if m satisfies the Marcinkiewicz type condition
sup
x∈M
|∂αωτm(x, ω)| ≤ Cα,β(1 + |ω|)−|α|, ω ∈ R, (1.10)
the operator A ≡ Tm in (1.9) admits a bounded extension on Lp(M), for all
1 < p < ∞. Similar conditions are studied in Theorem 3.9 in the L∞(M)-
BMO(M) setting.
• We prove the following Paley-Inequality (see Theorem 4.2): Let 1 < p ≤ 2,
and let us assume that
sup
ξ∈I
(
‖vξ‖L∞(M)
‖uξ‖L∞(M )
)
<∞. (1.11)
If ϕ(ξ) is a positive sequence in I such that
Mϕ := sup
t>0
t
∑
ξ∈I
t≤ϕ(ξ)
‖uξ‖2L∞(M)
is finite, then for every f ∈ Lp(M) we have(∑
ξ∈I
|FL(f)(ξ)|p‖uξ‖2−pL∞(M)ϕ(ξ)2−p
) 1
p
.M
2−p
p
ϕ ‖f‖Lp(M). (1.12)
• Assuming (1.11), the Hausdorff-Young-Paley inequality (see Theorem 4.6)
takes the form,(∑
ξ∈I
(
|FLf(ξ)|ϕ(ξ)
1
b
− 1
p′
)b
‖uξ‖
1− b
p′
L∞(M)
‖vξ‖1−
b
p
L∞(M )
) 1
b
.p M
1
b
− 1
p′
ϕ ‖f‖Lp(M), (1.13)
provided that
Mϕ := sup
t>0
t
∑
ξ∈I
t≤ϕ(ξ)
‖uξ‖2L∞(M) <∞.
• Assuming
sup
ξ∈I
(
‖vξ‖L∞(M)
‖uξ‖L∞(M)
)
<∞ and sup
ξ∈I
(
‖uξ‖L∞(M)
‖vξ‖L∞(M )
)
<∞, (1.14)
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in Theorem 4.10, for 1 < p ≤ 2 ≤ q < ∞, we prove that under the weak-ℓb,
condition with 1
b
= 1
p
− 1
q
,
sup
s>0, x∈M
s
 ∑
ξ∈I
|∂βxm(x,ξ)|>s
max{‖uξ‖2L∞(M), ‖vξ‖2L∞(M)}

1
b
<∞, (1.15)
for |β| ≤ ρ, with ρ large enough, the operator A ≡ Tm : Lp(M) → Lq(M),
extends to a bounded linear operator.
Finally, we apply the above Lp − Lq results to the non-linear partial differential
equations (PDEs):
• Let us denote by L2(M) the Hilbert space L2 on M . In the nonlinear station-
ary problem case, we consider the following equation in L2(M)
Au = |Bu|p + f,
where A,B : L2(M)→ L2(M) and 1 ≤ p <∞.
• As an example of the application to the nonlinear heat equation, we study
the Cauchy problem in the space L∞(0, T ;L2(M))
ut(t)− |Bu(t)|p = 0, u(0) = u0,
where B is a linear operator in L2(M) and 1 ≤ p <∞.
• In the non-linear wave equation case, we study the following initial value
problem (IVP)
utt(t)− b(t)|Bu(t)|p = 0,
u(0) = u0, ut(0) = u1,
where b is a positive bounded function depending only on time, B is a linear
operator in L2(M) and 1 ≤ p <∞.
In all of these cases, we establish well-posedness properties of the solutions in the
space L∞(0, T ;L2(M)). We also note that the operators B in our examples have a
nature of integro-differential operators.
Remark 1.1. Let us observe that for the n-torus, M = Tn ≡ [0, 1)n, we have that
∂M = ∅, and if we choose L = ∆Tn being the Laplacian on the torus, then vξ = uξ =
eξ, where eξ(x) := e
2πix·ξ, x ∈ Tn, ξ ∈ I = Zn. In this case, our main results recover
the classical periodic Paley-Inequality,(∑
ξ∈Zn
|f̂(ξ)|pϕ(ξ)2−p
) 1
p
.M
2−p
p
ϕ ‖f‖Lp(Tn), (1.16)
and the periodic Hausdorff-Young-Paley inequality(∑
ξ∈Zn
(
|f̂(ξ)|ϕ(ξ) 1b− 1p′
)b) 1b
.p M
1
b
− 1
p′
ϕ ‖f‖Lp(Tn). (1.17)
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Observe that the condition (1.15), takes the form
sup
x∈Tn
sup
s>0
sb#{ξ ∈ Zn : m(x, ξ) ≥ s} 1b := sup
s>0, x∈Tn
s
 ∑
ξ∈I
|∂βxm(x,ξ)|>s

1
b
<∞, (1.18)
for |β| ≤ [n/p] + 1, which implies that the periodic operator
Af(x) =
∑
ξ∈Zn
ei2πx·ξm(x, ξ)(F∆Tnf)(ξ), f ∈ C∞(Tn), (1.19)
admits a bounded extension from Lp(Tn) into Lq(Tn), for 1 < p ≤ 2 ≤ q < ∞, and
1
b
= 1
p
− 1
q
.
Remark 1.2. The Ho¨rmander condition for pseudo-multipliers, in particular, associ-
ated with the harmonic oscillator on M = Rn, has been studied in [8] and [7] and
references therein. In this work we will generalise such analysis to the case of arbitrary
smooth manifolds.
Remark 1.3. The periodic Paley-inequality, Hausdorff-Young-Paley inequality, and
the Lp(Tn)-Lq(Tn), estimate are known to be sharp. We refer the reader to Littlewood
and Paley [22, 23], and Zygmund [38] for details.
Remark 1.4. The classical periodic inequalities in Remark 1.1, together with the the
Lp(Tn)-Lq(Tn) estimate above, were first extended to the case of compact homoge-
neous manifolds in the work of Akylzhanov, the third author and Nursultanov [1], by
taking M = M = G/K, ∂M = ∅, with G being a compact Lie group and K one of its
closed subgroups. The Paley-inequality, the Hausdorff-Young-Paley inequality, and
the Lp(M)-Lq(M) estimates obtained in [1], used the notion of matrix-valued symbol
and also a matrix-valued Fourier transform. If we consider the model operator L
being L ≡ LG/K , that is the lifting of the Laplacian LG on G, to M, the inequali-
ties obtained here are different of the obtained in [1], because we use scalar-valued
symbols and a scalar-valued Fourier transform. However they are related in some
sense. Recently, in [11] the Lp-Lq boundedness of spectral multipliers of the anhar-
monic oscillator has been investigated by Chatzakou and the second author. The
anharmonic oscillator can be thought as a self-adjoint prototype for model operator
L when M = Rn.
Remark 1.5. The sharpness of the Paley-inequality on compact homogeneous man-
ifolds was discussed in [1, page 1529], and in particular in the case of M = SU(2),
with the notion of monotone matrices (see Definition 1.8 of [1]).
Remark 1.6. Some results on Lp-Fourier multipliers in the spirit of the Ho¨rmander-
Mihlin theorem, are also known on locally compact groups (see the paper of Akylzhanov
and the third author [2]). The classical work of Coifman and Weiss [13] includes the
case of the group SU(2), the reference [34] for general compact Lie groups, and [17] for
graded Lie groups. The case of pseudo-differential operators on compact Lie groups
(and also in graded groups) can be found in [9] and [14].
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Remark 1.7. If L admits a self-adjoint extension L∗ on L2(M), then we have that
uξ = vξ for every ξ ∈ I, and the condition (1.11) holds true. In this case, L ⊂ L∗∗,
which means that Dom(L) ⊂ Dom(L∗), and for every f ∈ Dom(L), Lf = L∗f. In
this privileged situation we have,
sup
ξ∈I
(
‖vξ‖L∞(M )
‖uξ‖L∞(M)
)
= sup
ξ∈I
(
‖uξ‖L∞(M)
‖vξ‖L∞(M)
)
= 1. (1.20)
Remark 1.8. If M is a geodesically complete Riemannian manifold, the L∞-BMO
boundedness of pseudo-differential operators will be considered in Theorem 3.9.
This work is organised as follows. In Section 2 we present some basics about the
non-harmonic analysis developed in [30, 31]. In Section 3, we prove our Ho¨rmander-
Mihlin condition and also our Marcinkiewicz type condition. The Paley-intequality,
Hausdorff-Young-Paley inequality, and the Lp-Lq boundedness of pseudo-differential
operators will be investigated in Section 4. Finally, in Section 5, we obtain some
applications of our main results. Indeed, we obtain some applications to non-linear
PDEs.
Throughout the paper, we shall use the notation A . B to indicate A ≤ cB for a
suitable constant c > 0, where as A ≍ B if A ≤ cB and B ≤ dA, for suitable c, d > 0.
2. Preliminaries
Let M be a manifold with boundary. This means that the interior of M , denoted
by M , is the set of points in M which have neighbourhoods homeomorphic to an
open subset of Rn. The boundary of M , denoted ∂M , is the complement of M in
M . The boundary points can be characterised as those points which are mapped
on the boundary hyperplane of {x = (x1, · · · , xn) ∈ Rn : xn ≥ 0} under some
coordinate chart. If M is a manifold with boundary of dimension n then ∂M 6= ∅
is a manifold (without boundary) of dimension n − 1. We will assume that M is
orientable. This implies the orientability of ∂M. So, we assume that M is endowed
with a density dx. In practice, we can assume that dx is defined by a non-trivial
volume form dx = ωdx1 ∧ · · · ∧ dxn on M. A function f : M → C is smooth
at x ∈ M, if there exists a chart (φ, V ) on M, where V is a neighbourhood of x,
V ⊂ M, and φ : V → W = φ(V ) ⊂ Rn is a coordinate path, such that the mapping
f ◦ φ−1 : φ(V ) → C is smooth. If x ∈ M \ M = ∂M, we say that f : M → C
is smooth at x, if there exists a chart (φ, V ) on M, where V is neighbourhood of
x ∈ ∂M, and φ : V → φ(V ) = W ∩ (Rn−1 × [0,∞)), with W being an open subset
of Rn, such that the mapping f ◦ φ−1 : W ∩ (Rn−1 × [0,∞)) → C, is the restriction
to W ∩ (Rn−1 × [0,∞)) of a smooth map g : W → C, i.e. g|W∩(Rn−1×[0,∞)) = f.
We will denote by C∞(M) the set of smooth functions f over M. We will denote by
∂βxf := ∂
β
xg|W ◦φ, the partial derivatives of f, defined in local coordinates on M . We
will denote by Lp(M), 1 ≤ p <∞, the Lebesgue spaces associated to dx. For p =∞,
L∞(M) denotes the set of essentially dx-bounded functions.
We will describe some elements involved in the quantization of pseudo-differential
operators on manifolds as developed by the third and last author in [30] and [31].
The space
C∞L (M) := ∩∞k=1Dom(Lk) (2.1)
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where Dom(Lk) := {f ∈ L2(M) |Ljf ∈ Dom(L), j = 0, 1, · · · , k − 1}, so that the
boundary condition (BC) are satisfied by the operators Lj . The Fre´chet topology of
C∞L (M) is given by the family of norms
‖f‖Ck
L
:= max
j≤k
‖Ljf‖L2(M ), k ∈ N0, f ∈ C∞L (M).
Similarly, we define C∞L∗(M) corresponding to the adjoint L
∗ by
C∞L∗(M) := ∩∞k=1Dom((L∗)k)
where Dom((L∗)k) := {f ∈ L2(M) | (L∗)jf ∈ Dom(L), j = 0, 1, · · · , k−1}, which sat-
isfy the adjoint boundary conditions corresponding to the operator L∗. The Fre´chet
topology of C∞L∗(M) is given by the family of norms
‖f‖Ck
L∗
:= max
j≤k
‖(L∗)jf‖L2(M), k ∈ N0, f ∈ C∞L (M).
Since {uξ} and {vξ} are dense in L2(M) we have that C∞L (M) and C∞L∗(M) are dense
in L2(M).
In order to introduce a global definition of the Fourier transform let us intro-
duce the space S(I), which consists of all rapidly decreasing functions φ : I → C.
This means that for any N ∈ N, there exists a constant Cφ,N such that |φ(ξ)| ≤
Cφ,N〈ξ〉−N for all ξ ∈ I. The space S(I) forms a Fre´chet space with the family of
semi-norms pk(φ) := supξ∈I〈ξ〉k|φ(ξ)|. The L-Fourier transform is a bijective homeo-
morphism FL : C∞L (M)→ S(I) defined by
(FLf)(ξ) := f̂(ξ) :=
∫
M
f(x)vξ(x) dx. (2.2)
The inverse operator F−1L : S(I)→ C∞L (M) is given by
(F−1L h)(x) :=
∑
ξ∈I
h(ξ)uξ(x)
so that the Fourier inversion formula is given by
f(x) =
∑
ξ∈I
f̂(ξ)uξ(x), f ∈ C∞L (M). (2.3)
Similarly, the L∗-Fourier transform is a bijective homeomorphism FL : C∞L∗(M) →
S(I) defined by
(FL∗f)(ξ) := f̂∗(ξ) :=
∫
M
f(x)uξ(x) dx.
Its inverse F−1L∗ : S(I) → C∞L∗(M) is given by (F−1L∗ h)(x) :=
∑
ξ∈I h(ξ)vξ(x) so that
the conjugate Fourier inversion formula is given by
f(x) :=
∑
ξ∈I
f̂∗(ξ)vξ(x), f ∈ C∞L∗(M). (2.4)
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The space D′L(M) := L(C∞L∗(M,C)) of linear continuous functionals on C∞L∗(M) is
called the space of L-distributions. By dualising the inverse L-Fourier transform
F−1L : S(I)→ C∞L (M), the L-Fourier transform extends uniquely to the mapping
FL : D′L(M)→ S ′(I)
by the formula 〈FLw, φ〉 := 〈w,F−1L∗ φ〉 with w ∈ D′L(M), φ ∈ S(I). The space
l2L := FL
(
L2(M)
)
is defined as the image of L2(M) under the L-Fourier transform.
Then the space of l2L is a Hilbert space with the linear product
(a, b)l2L :=
∑
ξ∈I
a(ξ)(FL∗ ◦ F−1L b(ξ)). (2.5)
Then the space l2L consists of the sequences of the Fourier coefficients of function in
L2(M), in which Plancherel identity holds, for a, b ∈ l2L,
(a, b)l2L = (F−1L a,F−1L b)L2 .
For f ∈ D′L(M) ∩ D′L∗(M) and s ∈ R, we say that
f ∈ HsL(M) if and only if 〈ξ〉sf̂(ξ) ∈ l2L,
provided with the norm
‖f‖HsL :=
(∑
ξ∈I
〈ξ〉2sf̂(ξ)f̂∗(ξ)
)1/2
.
Now, we will present the definition of global pseudo-differential operator as de-
veloped in [30]. If m : M × I → C is a smooth function, which means that
m(·, ξ) ∈ C∞L (M), for every ξ ∈ I, the pseudo-differential operator associated to
m, is defined by
Af(x) =
∑
ξ∈I
uξ(x)m(x, ξ)f̂(ξ), f ∈ Dom(A). (2.6)
In those cases where A : C∞L (M) → C∞L (M) is a continuous linear operator with
symbol σ : I → C, that does not depends on x ∈ M, we say that A is a L-Fourier
multiplier. Indeed, such operators satisfy the identity
FL(Af)(ξ) = σ(ξ)FL(f)(ξ)
for every f ∈ C∞L (M) and for every ξ ∈ I.
3. Lp-Lp boundedness of pseudo-differential operators
3.1. Ho¨rmander-Mihlin condition for pseudo-differential operators. In this
section we investigate the Lp-boundedness of global pseudo-differential operators on
a manifold M =M ∪∂M, where M is the interior of M and ∂M is its boundary. We
will denote by L◦ the densely defined operator given by
L◦uξ = λξuξ, ξ ∈ I.
The results presented here also allow the case ∂M = ∅. We will assume the following
facts,
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HMI: there exist −∞ < γ(1)p , γ(2)p <∞, satisfying
‖uξ‖Lp(M) . |λξ|γ
(1)
p , ‖vξ‖Lp′(M) . |λξ|γ
(2)
p , 1 ≤ p ≤ ∞. (3.1)
HMII: The operator
√
L◦L satisfies the Weyl-eigenvalue counting formula
N(λ) :=
∑
ξ∈I:|λξ|≤λ
= O(λQ), λ→∞, (3.2)
where Q > 0. If Q′ > Q, then N(λ) = O(λQ
′
), λ → ∞, so that we assume
that Q is the smallest real number satisfying (3.2).
Remark 3.1. The first assumption (HMI) means that the Lp-norms of the biorthono-
mal system {uξ}ξ∈I and {vξ}ξ∈I growth polynomially, while (HMII) assures that we
have a suitable control on the spectrum of L. If M is a closed manifold and L is an
elliptic self-adjoint and positive pseudo-differential operator, is known that in (3.2),
Q = dim(M). Other kind of operators appear for example when L is the positive sub-
Laplacian on a closed manifoldM, in this case (3.2) holds with Q being the Hausdorff
dimension associated to the Carnot-Carathe´odory distance associated with L.
We observe that γ
(1)
2 = γ
(2)
2 = 0 in view that the functions uξ are considered with
L2(M)-norm normalised. We will denote
γp := γ
(1)
p + γ
(2)
p . (3.3)
Now, we will precise the kind of pseudo-differential that we will analyse in this section.
We will refer to them as pseudo-multipliers. We will define it as follows.
Definition 3.2. Let A : C∞L (M)→ C∞L (M) be a continuous linear operator defined
as in (2.6). We say that the pseudo-differential operator A is a pseudo-multiplier
associated with L (pseudo-multiplier for short), if there exists a continuous function
τm : M×R→ C, such that for every ξ ∈ I, and x ∈M, we havem(x, ξ) = τm(x, |λξ|).
In this case, we say that A is the pseudo-multiplier associated with τm. Clearly,
Af(x) ≡ τm(x,
√
L◦L)f(x) :=
∑
ξ∈I
uξ(x)τm(x, |λξ|)f̂(ξ), (3.4)
for all f ∈ C∞L (M).
Remark 3.3. There is a one to one correspondence between pseudo-differential op-
erators mapping C∞L (M) into itself and pseudo-multipliers. Indeed, starting with a
pseudo-multiplier defined by (3.4), we can associate to it a symbol via m(x, ξ) :=
τm(x, |λξ|), and viceversa, starting with a pseudo-differential operator defined by
(2.6), we can define for every λξ, τ
′
m(x, |λξ|) := m(x, ξ), and after that we can in-
terpolate {τ ′m(x, |λξ|)}x∈M, ξ∈I , with a continuous function τm : M × R → C, in such
a way that
τm|M×{λξ}ξ∈I = {τ ′m(x, |λξ|)}x∈M, ξ∈I = {m(x, ξ)}x∈M, ξ∈I .
Remark 3.4. The approach in proving the Lp-estimates for this section comes from
starting with a function τm :M × R→ C, satisfying the Ho¨rmander condition
‖τm‖l.u.Hs = sup
r>0,x∈M
r(s−
Qm
2
)‖〈 · 〉sF [τm(x, ·)ψ(r−1·)]‖L2(R) <∞, (3.5)
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where Qm ∈ R, and later we consider for such a function τm, the pseudo-differential
operator Tm, with symbol τm|M×{|λξ|}ξ∈I = {m(x, ξ)}(x,ξ)∈M×I obtained from the re-
striction of τm : M × R → C, to the set M × {|λξ|}ξ∈I. Because there are infinite
continuous extensions τm for m, the Ho¨rmander Mihlin condition depends on the
extension τm under consideration. In practice, however, we can start with a func-
tion τ : M × R → C satisfying (3.5) (with τ instead of τm) and we can consider
the pseudo-multiplier associated to τ which defines a pseudo-differential operator
bounded on Lp(M), (for s large enough). Important examples of pseudo-multipliers,
are the spectral multipliers of
√
L◦L which are defined by
τ(
√
L◦L)f(x) :=
∑
ξ∈I
uξ(x)τ(|λξ|)f̂(ξ), (3.6)
for all f ∈ C∞L (M). Of particular interest are the functions of positive elliptic op-
erators E, τ(E) on a closed manifold, satisfying estimates of the type |∂αt τ(t)| .
(1 + t)−ρ|α|, ρ > 0, (see e.g. [12] and references therein). The prototype in this situa-
tion is the positive Laplacian L = ∆(M,g) on a closed Riemannian manifold (M, g).
Remark 3.5. We summarise the assumptions of this section keeping in mind that if we
know how the spectrum of
√
L◦L behaves (in the form of (HMII)), if we can estimate
polynomially the Lp-norms of the eigenfunctions, and we encode the symbol of a
pseudo-differential operator A, m in terms of the function τm, we expect to provide
information on the boundedness of A, on Lp(M), (or from L∞(M) to BMO(M)),
by using conditions of Ho¨rmander Mihlin type on τm. One reason for this is that
M × Spectrum(√L◦L) is contained in the domain of τm.
3.2. Lp-boundedness of pseudo-multipliers of L. In this section we prove the
Ho¨rmander-Mihlin theorem for operators on a manifold M, possibly with ∂M 6= ∅,
allowing also the case ∂M = ∅.
Theorem 3.6. Let M be a smooth manifold with boundary and let A : C∞L (M) →
C∞L (M) be the pseudo-multiplier defined in (3.4). Let us assume that τm satisfies the
following Ho¨rmander condition,
‖τm‖l.u.Hs = sup
r>0,x∈M
r(s−
Qm
2
)‖〈 · 〉sF [τm(x, ·)ψ(r−1·)]‖L2(R) <∞, (3.7)
for s > max{1/2, γp + Q + (Qm/2)}. Then A ≡ Tm : Lp(M) → Lp(M) extends to a
bounded linear operator for all 1 < p <∞.
Proof. We choose a function ψ0 ∈ C∞0 (R), ψ0(λ) = 1, if |λ| ≤ 1, and ψ(λ) = 0, for
|λ| ≥ 2. For every j ≥ 1, let us define ψj(λ) = ψ0(2−jλ)− ψ0(2−j+1λ). Then we have∑
l∈N0
ψl(λ) = 1, for every λ > 0. (3.8)
Let us consider f ∈ C∞0 (M). We will decompose the function m as
τm(x, |λξ|) = τm(x, |λξ|)(ψ0(|λξ|) + ψ1(|λξ|)) +
∞∑
k=2
mk(x, ξ), (3.9)
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where
mk(x, ξ) := τm(x, |λξ|) · ψk(|λξ|).
Let us define the sequence of pseudo-differential operators Tmj , j ∈ N, associated to
every symbol mj , for j ≥ 2, and by T0 the operator with symbol
σ ≡ τm(x, |λξ|)(ψ0(|λξ|) + ψ1(|λξ|)).
Then we want to show that the operator series
T0 + Sm, Sm :=
∑
k
Tmk , (3.10)
satisfies,
‖Tm‖B(Lp(M )) ≤ ‖T0‖B(Lp(M )) +
∑
k
‖Tmk‖B(Lp(M )), (3.11)
where the series in the right hand side converges. So, we want to estimate every norm
‖Tmj‖B(Lp(M )). For this, we will use the fact that for f ∈ C∞0 (M),
‖Tmjf‖Lp(M) = sup{|(Tmjf, g)L2(M)| : ‖g‖Lp′(M) = 1}. (3.12)
In fact, for f and g as above we have
(Tmkf, g)L2(M) =
∫
M
Tmkf(x)g(x)dx
=
∫
M
∑
2k≤|λξ|<2k+1
m(x, ξ)f̂(ξ)uξ(x)g(x)dx
=
∫
M
∫
M
∑
2k≤|λξ|<2k+1
m(x, ξ)f(y)uξ(x)vξ(y)g(x)dydx.
Now, in order use that τm satisfies the Ho¨rmander condition, we will use the Euclidean
Fourier transform. Indeed, for every x ∈ M let us denote the inverse Euclidean
Fourier transform of the function
τm(x, ·)ψ(2−k·) : ω 7→ τm(x, ω)ψ(2−kω),
by F−1[τm(x, ·)ψ(2−k·)]. So, for every ξ ∈ I, ω = |λξ| ∈ R, and we have
mk(x, ξ) := τm(x, |λξ|)ψ(2−k|λξ|)
= F−1(F [τm(x, ·)ψ(2−k·)])(ξ) =
∫
R
F [τm(x, ·)ψ(2−k·)](z)e2πi|λξ |·zdz.
Consequently,
|(Tmkf, g)L2(M)|
≤
∑
2k≤|λξ|<2k+1
sup
x∈M
∫
R
|F [τm(x, ·)ψ(2−k·)](z)|dz
× ‖f‖Lp‖g‖Lp′‖uξ‖Lp‖‖vξ‖Lp′
.
∑
2k≤|λξ|<2k+1
sup
x∈M
∫
R
|F [τm(x, ·)ψ(2−k·)](z)|dz
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× ‖f‖Lp‖g‖Lp′ |λξ|γp.
So, we can estimate the operator norm of Tmk by
‖Tmk‖B(Lp)
.
∑
2k≤|λξ|<2k+1
sup
x∈M
∫
R
|F [τm(x, ·)ψ(2−k·)](z)|dz|λξ|γp
.
∑
2k≤|λξ|<2k+1
sup
x∈M
∫
R
〈z〉2s|F [τm(x, ·)ψ(2−k·)](z)|2dz
 12 ‖〈 · 〉−s‖L2 |λξ|γp.
Because s > 1
2
, we have the estimate ‖〈 · 〉−s‖L2 < ∞, and observing that from (3.7)
we get the inequality
sup
M
∫
R
〈z〉2s|F [τm(x, ·)ψ(2−k·)](z)|2dz
 12 ≤ ‖τm‖l.u.Hs · 2−k(s−Qm2 ), (3.13)
we deduce that
‖Tmk‖B(Lp) .
∑
2k≤|λξ|<2k+1
‖τm‖l.u.Hs · 2−k(s−
Qm
2
)|λξ|γp
≍ 2kQ−k(s−Qm2 )+kγp = 2−k(s−Q−Qm2 −γp).
Since
‖T0f‖Lp(M) . ‖m(·, 0)‖L∞(M )‖f‖Lp(M),
we have the boundedness of T0 on L
p. It is clear that if we want to end the proof, we
need to estimate I :=
∑
k≥0 ‖Tmk‖B(Lp(M )). Consequently, we obtain
0 < I . ‖T0‖B(Lp) +
∞∑
k=1
2−k(s−Q−
Qm
2
−γp)‖τm‖l.u.,Hs <∞,
for s > Q+ Qm
2
+ γp. So, we have
‖Tm‖B(Lp) ≤ C(‖τm‖l.u.,Hs + ‖m‖L∞).
The proof is complete. 
As an application of the Ho¨rmander-Mihlin theorem proved above, we will prove
that the following Marcinkiewicz type condition also implies the Lp boundedness of
pseudo-differential operators (defined in (1.9)).
Theorem 3.7. Let M be a smooth manifold with boundary and let A : C∞L (M) →
C∞L (M) be the pseudo-multiplier defined in (3.4). Let us assume that τm satisfies the
following Marcinkiewicz type condition
sup
x∈M
|∂αωτm(x, ω)| ≤ Cα,β(1 + |ω|)−|α|, (x, ω) ∈M × R, (3.14)
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for |α| ≤ ρ, where ρ ∈ N, and ρ > max{1/2, γp+Q+(1/2)}. Then A ≡ Tm : Lp(M)→
Lp(M) extends to a bounded linear operator for all 1 < p <∞.
Proof. For the proof, we will use that the Sobolev space Hs(R) defined by those
functions g satisfying ‖g‖Hs(R) := ‖〈z〉s(Fg)‖L2(R) <∞, has the equivalent norm
‖g‖′Hs(R) :=
∑
|β|≤s
‖∂βξ g‖L2(R), (3.15)
when s is an integer (see, e.g. [16], p. 163). We will show that
sup
k>0,x∈M
2k(ρ−
1
2
)‖τm(x, ·)ψ(2−k·)‖Hρ = sup
k>0,x∈M
‖τm(x, 2k·)ψ(·)‖Hρ < ∞, (3.16)
provided that ρ is an integer. From the estimate
‖τm(x, 2k·)ψ(·)‖Hρ ≍ ‖τm(x, 2k·)ψ(·)‖′Hρ =
∑
|β|≤ρ
‖∂βξ (τ(x, 2k·)ψ(·))‖L2(R), (3.17)
we will estimate the L2-norms of the derivatives ∂βξ (τm(x, 2
k·)ψ(·))(ξ). By the Leibniz
rule we have
∂βξ (τm(x, 2
kξ)ψ(ξ)) =
∑
|α|≤|β|
2k|α|(∂αξ τm)(x, 2
kξ)∂β−αξ ψ(ξ).
So, we obtain
‖∂βξ (τm(x, 2k·)ψ(·))‖L2 ≤
∑
|α|≤ρ
Cα‖∂β−αξ ψ(·)‖L2, (3.18)
where we have used that (3.14) implies the estimate |2k|α|(∂αξ τm)(x, 2k·)| ≤ Cα, for
k large enough. Now, (3.16) follows by summing both sides of (3.18) over |β| ≤ ρ.
Thus, if we use Theorem 3.6 with Qm/2 = 1/2 and s = ρ, we finish the proof because
the condition (3.14) implies that (3.7) holds true and consequently we obtain the
boundedness of A on Lp(M). 
3.3. L∞-BMO boundedness for pseudo-differential operators. Next, we will
study the L∞(M)-BMO(M) boundedness for pseudo-differential operators on com-
pact manifolds with boundary. In this subsection assume that (M, g) is a geodesically
complete Riemannian manifold. So, let us fix the geodesical geodesic distance d(·, ·)
on M. Under the condition that (M, g) is geodesically complete we can assure that
every point in the boundary ∂M can be connected with other points in M using a
geodesic path. This allows us to define balls on the boundary using the geodesic
distance d(·, ·) defined by the Riemannian metric g (see e.g. Pigola and Veronelli
[29]).
The ball of radius r > 0, is defined as
B(x, r) = {y ∈M : d(x, y) < r}.
Then the BMO space on M, BMO(M), is the space of locally integrable functions
f satisfying
‖f‖BMO(M) := sup
B
1
|B|
∫
B
|f(x)− fB|dx <∞, where fB := 1|B|
∫
B
f(x)dx,
BOUNDED GLOBAL OPERATORS ON SMOOTH MANIFOLDS 15
and B ranges over all balls B(x0, r), with (x0, r) ∈M × (0,∞).
Remark 3.8. If (M, g) is a Riemannian metric and with the geodesic distance d(·, ·),
(M, d) is a complete metric space, then (M, g) is geodesically complete (see e.g.
Theorem A and Corollary B of Pigola and Veronelli [29]).
The Hardy space H1(M) will be defined via the atomic decomposition. Thus,
f ∈ H1(M) if and only if f can be expressed as f = ∑∞j=1 cjaj, where {cj}∞j=1 is a
sequence in ℓ1(N), and every function aj is an atom, i.e., aj is supported in some ball
B = Bj,
∫
Bj
aj(x)dx = 0, and
‖aj‖L∞(G) ≤ 1|Bj | .
The norm ‖f‖H1(M ) is the infimum over all possible series
∑∞
j=1 |cj|. Furthermore, if
dx satisfies the doubling property, the space BMO(M) is the dual of H1(M), which
can be deduced from the general work on complete metric spaces with the doubling
property due to Carbonaro, Mauceri, and Meda [6].
(a). If φ ∈ BMO(M), then Φ : f 7→ ∫
M
f(x)φ(x)dx, admits a bounded extension
on H1(M).
(b). Conversely, every continuous linear functional Φ on H1(M) arises as in (a)
with a unique element φ ∈ BMO(M).
‖f‖BMO(M) = sup
‖g‖
H1=1
∣∣∣∣∣∣
∫
M
f(x)g(x)dx
∣∣∣∣∣∣ , ‖g‖H1 = sup‖f‖BMO=1
∣∣∣∣∣∣
∫
M
f(x)g(x)dx
∣∣∣∣∣∣ . (3.19)
So, the L∞-BMO boundedness for pseudo-differential operators is considered as fol-
lows.
Theorem 3.9. Let M be a geodesically complete Riemannian manifold with (possibly
empty) boundary ∂M, and let A : C∞L (M)→ C∞L (M) be the pseudo-multiplier defined
in (3.4). Let us assume that one of the following two conditions hold.
1.
‖τm‖l.u.Hs = sup
r>0,x∈M
r(s−
Qm
2
)‖〈 · 〉sF [τm(x, ·)ψ(r−1·)]‖L2(R) <∞, (3.20)
for s > max{1/2, (Qm/2) +Q+ γ∞}.
2.
sup
x∈M
|∂αωτm(x, ω)| ≤ Cα,β(1 + |ω|)−|α|, (x, ω) ∈M × R, (3.21)
for all α ∈ Nn0 , with |α| ≤ ρ, where ρ ∈ N, and ρ > max{1/2, (Qm/2) + Q +
γ∞}.
Then, A ≡ Tm : L∞(M)→ BMO(M) extends to a bounded operator.
Proof. Let us assume that τm satisfies (3.20). This is the relevant assumption, because
in Theorem 3.7, we have proved that a function satisfying (3.21) also satisfies (3.20).
Let us consider f ∈ L∞(M). Similar as in Theorem 3.6, we choose a function ψ0 ∈
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C∞0 (R), ψ0(λ) = 1, if |λ| ≤ 1, and ψ(λ) = 0, for |λ| ≥ 2. For every j ≥ 1, let us define
ψj(λ) = ψ0(2
−jλ)− ψ0(2−j+1λ). Then we have∑
l∈N0
ψl(λ) = 1, for every λ > 0. (3.22)
We will decompose the symbol τm as
τm(x, |λξ|) = τm(x, |λξ|)(ψ0(|λξ|) + ψ1(|λξ|)) +
∞∑
k=2
mk(x, ξ) (3.23)
where we have denoted
mk(x, ξ) := τm(x, |λξ|) · ψk(|λξ|).
Let us define the sequence of pseudo-differential operators Tmj , j ∈ N, associated to
every symbol mj , for j ≥ 2, and by T0 the operator with symbol
σ ≡ τm(x, |λξ|)(ψ0(|λξ|) + ψ1(|λξ|)).
Because, f ∈ L∞(M) and for every j, Tmj has symbol with compact support in
the ξ-variable, Tmj : L
∞(M) → L∞(M) is bounded, and consequently Tmjf ∈
L∞(M) ⊂ BMO(M). Now, because Tmjf ∈ BMO(M), we will estimate its BMO-
norm ‖Tmjf‖BMO(M). By using that every symbol mk has variable ξ supported in
{ξ ∈ I : 2k−1 ≤ |λξ| ≤ 2k+1}, we have
Tmkf(x) =
∑
2k−1≤|λξ|≤2k+1
mk(x, ξ)uξ(x)f̂(ξ), x ∈M.
Consequently,
‖Tmkf‖BMO(M) ≤
∑
2k−1≤|λξ|≤2k+1
‖mk(·, ξ)uξ(·)‖BMO(M)|f̂(ξ)|. (3.24)
From (3.19) and by using the Euclidean Fourier inversion formula applied to τmk(x, ·) :=
τm(x, ·) · ψk(·) we have,
‖mk(·, ξ)uξ(·)‖BMO(M) = sup
‖Ω0‖H1=1
∣∣∣∣∣∣
∫
M
mk(x, ξ)uξ(x)Ω0(x)dx
∣∣∣∣∣∣
=
∣∣∣∣∣∣
∫
M
∫
R
ei2π|λξ|·zτ̂mk(x, z)dz uξ(x)Ω(x)dx
∣∣∣∣∣∣
≤ sup
x∈M
∫
R
|τ̂mk(x, z)|dz ×
∫
M
|uξ(x)||Ω(x)|dx,
for some Ω ∈ H1(M), such that ‖Ω‖H1 = 1. Let us note that, for every ε > 0, there
exists a decomposition of Ω given by
Ω =
∞∑
j=1
cjaj ,
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where {cj}∞j=1 is a sequence in ℓ1(N), and every function aj is an atom, i.e., aj is
supported in some ball B = Bj, satisfying the cancellation property:
∫
Bj
aj(x)dx = 0,
with
‖aj‖L∞(G) ≤ 1|Bj | ,
and
‖Ω‖H1(M) = 1 ≤
∞∑
j=1
|cj| < 1 + ε.
Observe that∫
M
|uξ(x)||Ω(x)|dx ≤
∞∑
j=1
|cj|‖uξ‖L∞(M )
∫
M
|aj(x)|dx =
∞∑
j=1
|cj |‖uξ‖L∞(M)
∫
Bj
|aj(x)|dx
≤
∞∑
j=1
|cj|‖uξ‖L∞(M )‖aj‖L∞(M)|Bj|
≤ (1 + ε)‖uξ‖L∞(M).
By the Cauchy-Schwarz inequality, and the condition s > 1/2, we have∫
R
|τ̂mk(x, z)|dz ≤
∫
R
〈z〉2s|τ̂mk(x, z)|2dz
 12 ∫
R
〈z〉−2sdz
 12 . (3.25)
Consequently, we claim that∫
R
|τ̂mk(x, z)|dz ≤ C‖τm‖l.u.Hs × 2−k(s−
Qm
2
). (3.26)
Indeed, ∫
R
|τ̂mk(x, z)|dz . ‖τmk(x, ·)‖Hs(R) = ‖τm(·)ψ(2−k| · |)‖Hs(R)
. ‖τm‖l.u.Hs × 2−k(s−
Qm
2
).
So, we obtain
‖mk(·, ξ)uξ(·)‖BMO(M) ≤ ‖τm‖l.u.,Hs × 2−k(s−
Qm
2
) ×
∫
M
|uξ(x)||Ω(x)|dx
≤ ‖τm‖l.u.,Hs × 2−k(s−
Qm
2
)(1 + ε)‖uξ‖L∞(M).
Thus, we can write
‖Tmkf‖BMO(M) ≤
∑
2k−1≤|λξ|≤2k+1
‖τm‖l.u.,Hs2−k(s−
Qm
2
)‖uξ‖L∞(M)|f̂(ξ)|
≤
∑
2k−1≤|λξ|≤2k+1
‖τm‖l.u.,Hs2−k(s−
Qm
2
)‖uξ‖L∞(M)‖uξ‖L1‖f‖L∞ .
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Thus, the analysis above implies the following estimate for the operator norm of Tmk ,
for all k ≥ 2,
‖Tmk‖B(L∞(M),BMO(M)) .
∑
2k−1≤|λξ|≤2k+1
‖τm‖l.u.,Hs2−k(s−
Qm
2
)‖uξ‖L∞(M )‖vξ‖L1(M )
.
∑
2k−1≤|λξ|≤2k+1
2kγ∞ × ‖τm‖l.u.Hs × 2−k(s−
Qm
2
)
≍ 2kQ × 2kγ∞ × ‖τm‖l.u.Hs × 2−k(s−
Qm
2
).
Now, by using that T0 is an operator whose symbol has compact support in the
ξ-variables, we conclude that T0 is bounded from L
∞(M) to BMO(M) and
‖T0‖B(L∞(M),BMO(M)) ≤ C‖m‖L∞ .
This analysis, allows us to estimate, the operator norm of Tm as follows,
‖Tm‖B(L∞(M ),BMO(M))
≤ ‖T0‖B(L∞(M),BMO(M )) +
∑
k
‖Tmk‖B(L∞(M ),BMO(M))
. ‖m‖L∞ +
∞∑
k=1
2−k(s−Q−
Qm
2
−γ∞)‖τm‖l.u.Hs
≤ C(‖m‖L∞ + ‖τm‖l.u.Hs) <∞,
provided that s > (Qm/2)+Q+ γ∞. So, we have proved the L
∞-BMO boundedness
of Tm. 
Now, observe that in view of the duality (H1)′ = BMO, we can use the duality
argument to deduce the following estimate for L-Fourier multipliers.
Corollary 3.10. Let M be a geodesically complete Riemannian manifold with (possi-
bly empty) boundary ∂M, and let A : C∞L (M)→ C∞L (M) be an L-Fourier multiplier.
Let us assume that one of the following two conditions hold.
1.
‖τm‖l.u.Hs = sup
r>0
r(s−
Qm
2
)‖〈 · 〉sF [τm(·)ψ(r−1·)]‖L2(R) <∞, (3.27)
for s > max{1/2, γ∞ +Q + (Qm/2)}.
2.
|∂αωτm(ω)| ≤ Cα,β(1 + |ω|)−|α|, ω ∈ R, (3.28)
for all α ∈ Nn0 , with |α| ≤ ρ, where ρ ∈ N, and ρ > max{1/2, (Qm/2) + Q +
γ∞}.
Then, A admits a bounded extension from L∞(M) into BMO(M) and from the Hardy
space H1(M) to L1(M).
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4. Lp-Lq boundedness of pseudo-differential operators for
1 < p ≤ 2 ≤ q <∞
This section is devoted to the study of Lp-Lq boundedness of the pseudo-differential
operators and Fourier multipliers on manifolds M . To accomplish this aim we will
first prove some inequalities, namely, Paley inequality and Hausdorff-Young-Paley
inequality in our setting which eventually yield us the boundedness results. Before
stating our main results of this section we recall the definition of relevant Lp-spaces
on the discrete set I from [30].
We describe the p-Lebesgue versions of the spaces of Fourier coefficients. These
spaces can be considered as the extension of the usual ℓp spaces on the discrete set I
adapted to the fact that we are dealing with biorthogonal systems.
Thus, we introduce the spaces lpL = l
p(L) as the spaces of all a ∈ S ′(I) such that
‖a‖lp(L) :=
(∑
ξ∈I
|a(ξ)|p‖uξ‖2−pL∞(M)
)1/p
<∞, for 1 ≤ p ≤ 2, (4.1)
and
‖a‖lp(L) :=
(∑
ξ∈I
|a(ξ)|p‖vξ‖2−pL∞(M)
)1/p
<∞, for 2 ≤ p <∞, (4.2)
and, for p =∞,
‖a‖l∞(L) := sup
ξ∈I
(
|a(ξ)| · ‖vξ‖−1L∞(M)
)
<∞.
We note that in the case of p = 2, we have already defined the space l2(L) by the
norm (2.5). There is no problem with this since the norms (4.1)-(4.2) with p = 2 are
equivalent to that in (2.5).
Analogously, we also introduce spaces lpL∗ = l
p(L∗) as the spaces of all b ∈ S ′(I)
such that the following norms are finite:
‖b‖lp(L∗) =
(∑
ξ∈I
|b(ξ)|p‖vξ‖2−pL∞(Ω)
)1/p
, for 1 ≤ p ≤ 2,
‖b‖lp(L∗) =
(∑
ξ∈I
|b(ξ)|p‖uξ‖2−pL∞(Ω)
)1/p
, for 2 ≤ p <∞,
‖b‖l∞(L∗) = sup
ξ∈I
(
|b(ξ)| · ‖uξ‖−1L∞(Ω)
)
.
For more discussion on this we refer to [30]. The following Hausdorff-Young in-
equality is proved by the last two authors in [30].
Theorem 4.1 (Hausdorff-Young inequality). Let 1 ≤ p ≤ 2 and 1
p
+ 1
p′
= 1. There is
a constant Cp ≥ 1 such that for all f ∈ Lp(M) we have(∑
ξ∈I
|FL(f)(ξ)|p′‖vξ‖2−p′L∞(M)
) 1
p′
= ‖f̂‖lp′(L) ≤ Cp‖f‖Lp(M).
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Similarly, we also have(∑
ξ∈I
|FL∗(f)(ξ)|p′‖uξ‖2−p′L∞(M )
) 1
p′
= ‖f̂‖lp′(L∗) ≤ Cp‖f‖Lp(M ).
In this direction, we present the the following Paley-type inequality.
4.1. Hausdorff-Young-Paley inequality. In [25], Lars Ho¨rmander established a
Paley-type inequality for the Fourier transform on Rn. The following inequality is an
analogue of this inequality for the L-Fourier transform on manifolds. This inequality
was established by the third author and his collaborators for compact homogeneous
spaces and for locally compact unimodular groups [1, 2].
Theorem 4.2 (L-Paley-type inequality). Let 1 < p ≤ 2 and
sup
ξ∈I
(
‖vξ‖L∞(M)
‖uξ‖L∞(M)
)
<∞.
If ϕ(ξ) is a positive sequence in I such that
Mϕ := sup
t>0
t
∑
ξ∈I
t≤ϕ(ξ)
‖uξ‖2L∞(M) <∞,
then for every f ∈ Lp(M) we have(∑
ξ∈I
|FL(f)(ξ)|p‖uξ‖2−pL∞(M)ϕ(ξ)2−p
) 1
p
.M
2−p
p
ϕ ‖f‖Lp(M). (4.3)
Proof. Let ν be the measure on I defined by ν(ξ) := ϕ2(ξ)‖uξ‖2L∞(M ) for ξ ∈ I. Now,
we define weighted spaces Lp(I, ν), 1 ≤ p ≤ 2, as the spaces of complex (or real)
sequences a = {aξ}ξ∈I such that
‖a‖Lp(I,ν) :=
(∑
ξ∈I
|aξ|pϕ2(ξ) ‖uξ‖2L∞(M )
) 1
p
<∞. (4.4)
We show that the sublinear operator A : Lp(M) :→ Lp(I, ν) defined by
Af :=
{
|FL(f)(ξ)|
‖uξ‖L∞(M)ϕ(ξ)
}
ξ∈I
is well-defined and bounded from Lp(M) to Lp(I, ν) for 1 < p ≤ 2. In other words,
we claim that we have the estimate
‖Af‖Lp(I, ν) =
(∑
ξ∈I
(
|FL(f)(ξ)|
‖uξ‖L∞(M )ϕ(ξ)
)p
ϕ2(ξ)‖uξ‖2L∞(M)
) 1
p
.M
2−p
p
ϕ ‖f‖Lp(M ), (4.5)
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which would give us (4.3) and where we set
Mϕ := sup
t>0
t
∑
ξ∈I
ϕ(ξ)≥t
‖uξ‖2L∞(M ).
To prove this we will show that A is of weak-type (2, 2) and of weak-type (1, 1). More
precisely, with the distribution function,
νI(y;Af) =
∑
ξ∈I
|Af(ξ)|≥y
‖uξ‖2L∞(M)ϕ2(ξ)
we show that
νI(y;Af) ≤
(
M2‖f‖L2(M)
y
)2
with norm M2 = 1, (4.6)
νI(y;Af) ≤
M1‖f‖L1(M )
y
with norm M1 =Mϕ. (4.7)
Then (4.5) will follow by the Marcinkiewicz interpolation theorem. Now, to show
(4.6), using Plancherel identity we get
y2νI(y;Af) ≤ sup
y>0
y2νI(y;Af) =: ‖Af‖2L2,∞(I,ν) ≤ ‖Af‖2L2(I,ν)
=
∑
ξ∈I
(
|FL(f)(ξ)|
ϕ(ξ)‖uξ‖L∞(M)
)2
ϕ2(ξ)‖uξ‖2L∞(M )
=
∑
ξ∈I
|FL(f)(ξ)|2 = ‖FL(f)‖2l2(L) = ‖f‖2L2(M ).
Thus, A is type (2, 2) with norm M2 ≤ 1. Further, we show that A is of weak type
(1, 1) with norm M1 =Mϕ; more precisely, we show that
νI{ξ ∈ I : |FL(f)(ξ)|
ϕ(ξ)‖uξ‖L∞(M )
> y} .Mϕ
‖f‖L1(M)
y
. (4.8)
Here, the left hand side is the weighted sum
∑
ϕ2(ξ)‖uξ‖2L∞(M) taken over those ξ ∈ I
such that |FL(f)(ξ)|
ϕ(ξ)‖uξ‖L∞(M)
> y. From the definition of the Fourier transform it follows
that
|FL(f)(ξ)| ≤ ‖vξ‖L∞(M)‖f‖L1(M).
Therefore, we get
y <
|FL(f)(ξ)|
ϕ(ξ)‖uξ‖L∞(M)
≤ ‖f‖L1(M)
ϕ(ξ)‖uξ‖L∞(M)‖vξ‖−1L∞(M)
.
Using this, we get{
ξ ∈ I : |FL(f)(ξ)|
ϕ(ξ)‖uξ‖L∞(M)
> y
}
⊂
{
ξ ∈ I : ‖f‖L1(M)
ϕ(ξ)‖uξ‖L∞(M )‖vξ‖−1L∞(M)
> y
}
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for any y > 0. Consequently,
ν
{
ξ ∈ I : |FL(f)(ξ)|
ϕ(ξ)‖uξ‖L∞(M)
> y
}
≤ ν
{
ξ ∈ I : ‖f‖L1(M )
ϕ(ξ)‖uξ‖L∞(M)‖vξ‖−1L∞(M)
> y
}
.
By setting w :=
‖f‖
L1(M)
y
, we get
ν
{
ξ ∈ I : |FL(f)(ξ)|
ϕ(ξ)‖uξ‖L∞(M)‖vξ‖−1L∞(M )
> y
}
≤
∑
ξ∈I
ϕ(ξ)‖uξ‖L∞(M)‖vξ‖
−1
L∞(M)
≤w
ϕ2(ξ)‖uξ‖2L∞(M ). (4.9)
We claim that ∑
ξ∈I
ϕ(ξ)‖uξ‖L∞(M)‖vξ‖
−1
L∞(M)
≤w
ϕ2(ξ)‖uξ‖2L∞(M ) .Mϕw. (4.10)
In fact, we have ∑
ξ∈I
ϕ(ξ)‖uξ‖L∞(M)‖vξ‖
−1
L∞(M)
≤w
ϕ2(ξ)‖uξ‖2L∞(M )
=
∑
ξ∈I
ϕ(ξ)‖uξ‖L∞(M)‖vξ‖
−1
L∞(M)
≤w
‖uξ‖2L∞(M)
ϕ2(ξ)∫
0
dτ.
We can interchange sum and integration with the fact that c := supξ∈I
(
‖vξ‖L∞(M)
‖uξ‖L∞(M)
)
<
∞ to get
∑
ξ∈I
ϕ(ξ)‖uξ‖L∞(M)‖vξ‖
−1
L∞(M)
≤w
‖uξ‖2L∞(M)
ϕ2(ξ)∫
0
dτ
≤
w2c2∫
0
dτ
∑
ξ∈I
τ
1
2≤ϕ(ξ)≤w‖uξ‖
−1
L∞(M)
‖vξ‖L∞(M)
‖uξ‖2L∞(M).
Further, we make a substitution τ = t2, yielding
w2c2∫
0
dτ
∑
ξ∈I
τ
1
2≤ϕ(ξ)≤w‖uξ‖
−1
L∞(M)
‖vξ‖L∞(M)
‖uξ‖2L∞(M)
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= 2
wc∫
0
tdt
∑
ξ∈I
t≤ϕ(ξ)≤w‖uξ‖
−1
L∞(M)
‖vξ‖L∞(M)
‖uξ‖2L∞(M)
≤ 2
wc∫
0
t dt
∑
ξ∈I
t≤ϕ(ξ)
‖uξ‖2L∞(M).
Since
t
∑
ξ∈I
t≤ϕ(ξ)
‖uξ‖2L∞(M ) ≤ sup
t>0
t
∑
ξ∈I
t≤ϕ(ξ)
‖uξ‖2L∞(M) = Mϕ
is finite by assumption, we have
2
wc∫
0
tdt
∑
ξ∈I
t≤ϕ(ξ)
‖uξ‖2L∞(M) . Mϕw =
Mϕ‖f‖L1(M)
y
.
This proves (4.10). Therefore, we have proved inequalities (4.6) and (4.7). Then by
using the Marcinkiewicz interpolation theorem with p1 = 1, p2 = 2 and
1
p
= 1− θ+ θ
2
we now obtain (∑
ξ∈I
(
|FL(f)(ξ)|
‖uξ‖L∞(M)ϕ(ξ)
)p
‖uξ‖2L∞(M)ϕ(ξ)2
) 1
p
= ‖Af‖Lp(I,ν) .M
2−p
p
ϕ ‖f‖Lp(M ),
yielding (4.3). 
Now, we state the Paley inequality associated with the L∗-Fourier transform. The
proof is verbatim to the Paley inequality for L-Fourier transform above with the use
L∗-Fourier transform and lp(L∗)-spaces.
Theorem 4.3 (L∗-Paley-type inequality). Let 1 < p ≤ 2 and
sup
ξ∈I
(
‖uξ‖L∞(M)
‖vξ‖L∞(M)
)
<∞.
If ϕ(ξ) is a positive sequence in I such that
Mϕ := sup
t>0
t
∑
ξ∈I
t≤ϕ(ξ)
‖vξ‖2L∞(M) <∞,
then for every f ∈ Lp(M) we have(∑
ξ∈I
|FL∗(f)(ξ)|p‖vξ‖2−pL∞(M)ϕ(ξ)2−p
) 1
p
.M
2−p
p
ϕ ‖f‖Lp(M). (4.11)
The following theorem [5] is useful to obtain one of our crucial results.
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Theorem 4.4. Let dµ0(x) = ω0(x)dµ(x), dµ1(x) = ω1(x)dµ(x), and write L
p(ω) =
Lp(ωdµ) for the weight ω. Suppose that 0 < p0, p1 <∞. Then
(Lp0(ω0), L
p1(ω1))θ,p = L
p(ω),
where 0 < θ < 1, 1
p
= 1−θ
p0
+ θ
p1
and ω = ω
p(1−θ)
p0
0 ω
pθ
p1
1 .
The following corollary is immediate.
Corollary 4.5. Let dµ0(x) = ω0(x)dµ(x), dµ1(x) = ω1(x)dµ(x). Suppose that 0 <
p0, p1 <∞. If a continuous linear operator A admits bounded extensions, A : Lp(Y, µ)→
Lp0(ω0) and A : L
p(Y, µ) → Lp1(ω1), then there exists a bounded extension A :
Lp(Y, µ)→ Lb(ω) of A, where 0 < θ < 1, 1
b
= 1−θ
p0
+ θ
p1
and ω = ω
b(1−θ)
p0
0 ω
bθ
p1
1 .
Using the above corollary we now present Hausdorff-Young-Paley inequality.
Theorem 4.6 (L-Hausdorff-Young-Paley inequality). Let 1 < p ≤ 2, and let 1 <
p ≤ b ≤ p′ ≤ ∞, where p′ = p
p−1
and
sup
ξ∈I
(
‖vξ‖L∞(M)
‖uξ‖L∞(M)
)
<∞.
If ϕ(ξ) is a positive sequence in I such that
Mϕ := sup
t>0
t
∑
ξ∈I
t≤ϕ(ξ)
‖uξ‖2L∞(M)
is finite, then for every f ∈ Lp(M) we have(∑
ξ∈I
(
|FLf(ξ)|ϕ(ξ)
1
b
− 1
p′
)b
‖uξ‖
1− b
p′
L∞(M)
‖vξ‖1−
b
p
L∞(M )
) 1
b
.p M
1
b
− 1
p′
ϕ ‖f‖Lp(M). (4.12)
Proof. From Theorem 4.2, the operator defined by
Af(ξ) :=
{
FL(ξ)
‖uξ‖L∞(M)
}
ξ∈I
,
is bounded from Lp(M) to Lp(I, ω0), where ω0 = ‖uξ‖2L∞(M )ϕ(ξ)2−p. From Theorem
4.1, we deduce that A : Lp(M) → Lp′(I, ω1) with ω1(ξ) = ‖uξ‖p′L∞(M)‖vξ‖
2−p′
L∞(M )
,
admits a bounded extension. By using the real interpolation we will prove that
A : Lp(M) → Lb(I, ω), p ≤ b ≤ p′, is bounded, where the space Lp(I, ω) is defined
by the norm
‖σ‖Lp(I,ω) :=
(∑
ξ∈I
|σ(ξ)|pw(ξ)
) 1
p
and ω(ξ) is positive sequence over I to be determined. To compute ω, we can use
Corollary 4.5, by fixing θ ∈ (0, 1) such that 1
b
= 1−θ
p
+ θ
p′
. In this case θ = p−b
b(p−2)
, and
ω = ω
p(1−θ)
p0
0 ω
pθ
p1
1 = ϕ(ξ)
1− b
p′ ‖uξ‖(1−
b
p
)
L∞(M)
‖vξ‖(1−
b
p
)
L∞(M)
. (4.13)
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Thus we finish the proof. 
Analogously, by interpolating the Hausdorff-Young inequality for L∗-Fourier trans-
form and L∗-Paley type inequality (Theorem 4.3) we obtain the following L∗-version
of Hausdorff-Young-Paley inequality.
Theorem 4.7 (L∗-Hausdorff-Young-Paley inequality). Let 1 < p ≤ 2, and let 1 <
p ≤ b ≤ p′ ≤ ∞, where p′ = p
p−1
and
sup
ξ∈I
(
‖uξ‖L∞(M)
‖vξ‖L∞(M)
)
<∞.
If ϕ(ξ) is a positive sequence in I such that
Mϕ := sup
t>0
t
∑
ξ∈I
t≤ϕ(ξ)
‖vξ‖2L∞(M)
is finite, then for every f ∈ Lp(M) we have(∑
ξ∈I
(
|FL∗f(ξ)|ϕ(ξ)
1
b
− 1
p′
)b
‖vξ‖
1− b
p′
L∞(M )
‖uξ‖1−
b
p
L∞(M )
) 1
b
.p M
1
b
− 1
p′
ϕ ‖f‖Lp(M). (4.14)
4.2. Lp-Lq boundedness. In this subection we will prove the Lp-Lq boundedness of
Fourier multipliers related of model operator L on manifold M. This was proved for
the torus in [28] using a different method.
Theorem 4.8. Let 1 < p ≤ 2 ≤ q <∞ and assume that
sup
ξ∈I
(
‖vξ‖L∞(M)
‖uξ‖L∞(M)
)
<∞ and sup
ξ∈I
(
‖uξ‖L∞(M )
‖vξ‖L∞(M)
)
<∞. (4.15)
Suppose that A : C∞L (M)→ C∞L (M) is a L-Fourier multiplier with L-symbol σA,L on
M, that is, A satisfies
FL(Af)(ξ) = σA,L(ξ)FLf(ξ), for all ξ ∈ I,
where σA,L : I → C is a function. Then we have
‖A‖
B(Lp(M),Lq(M)) . sup
s>0
s
 ∑
ξ∈I
|σA,L(ξ)|≥s
max{‖uξ‖2L∞(M), ‖vξ‖2L∞(M)}

1
p
− 1
q
.
Before starting the proof we would like to notice here that for p ≤ q′ we only need
the first inequality in (4.15) above.
Proof. Let us first assume that p ≤ q′, where 1
q
+ 1
q′
= 1. Since q′ ≤ 2, the Hausdorff-
Young inequality gives that
‖Af‖Lq(M) . ‖FL(Af)‖ℓq′(L) = ‖σA,LFL(f)‖ℓq′(L)
=
(∑
ξ∈I
|σA,L(ξ)|q′|FL(f)(ξ)|q′‖uξ‖2−q′L∞(M)
) 1
q′
. (4.16)
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Now, we are in a position to apply Theorem 4.6. Set 1
p
− 1
q
= 1
r
. By applying Theorem
4.6 in (4.16) by taking ϕ(ξ) :=
(
|σA,L(ξ)|‖uξ‖
1
q′
− 1
p
L∞(M )
‖vξ‖
1
p
− 1
q′
L∞(M)
)r
with b = q′, we get
‖Af‖Lq(M ) . ‖σA,LFL(f)‖ℓq′(L)
=
(∑
ξ∈I
|σA,L(ξ)|q′|FL(f)(ξ)|q′‖uξ‖2−q′L∞(M )
) 1
q′
=
(∑
ξ∈I
(
|FLf(ξ)|ϕ(ξ)
1
b
− 1
p′
)q′
‖uξ‖
1− q
′
p′
L∞(M)
‖vξ‖1−
q′
p
L∞(M )
) 1
q′
(4.12)
.
sup
s>0
s
∑
ξ∈I
ϕ(ξ)≥s
‖uξ‖2L∞(M)

1
r
‖f‖Lp(M )
=
sups>0 s
∑
ξ∈I(
|σA,L(ξ)|‖uξ‖
1
q′
− 1p
L∞(M)
‖vξ‖
1
p−
1
q′
L∞(M)
)r
≥s
‖uξ‖2L∞(M)

1
r
‖f‖Lp(M),
for all f ∈ Lp(M), in view of 1
p
− 1
q
= 1
q′
− 1
p′
= 1
r.
Thus, we obtain
‖A‖
B(Lp(M),Lq(M)) .
sups>0 s
∑
ξ∈I(
|σA,L(ξ)|‖uξ‖
1
q′
−
1
p
L∞(M)
‖vξ‖
1
p−
1
q′
L∞(M)
)r
≥s
‖uξ‖2L∞(M )

1
r
.
Now, using the condition (4.15) we deduce that ‖uξ‖L∞(M )‖vξ‖−1L∞(M) ≍ 1 and so
‖uξ‖
1
q′
− 1
p
L∞(M)
‖vξ‖
1
p
− 1
q′
L∞(M)
≍ 1.
Therefore, we get
‖A‖
B(Lp(M),Lq(M)) .
sups>0 s ∑
ξ∈I
|σA,L(ξ)|>s
1
r
‖uξ‖2L∞(M)

1
r
=
sup
s>0
sr
∑
ξ∈I
|σA,L(ξ)|≥s
‖uξ‖2L∞(M)

1
r
= sup
s>0
s
 ∑
ξ∈I
|σA,L(ξ)|≥s
‖uξ‖2L∞(M)

1
r
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. sup
s>0
s
 ∑
ξ∈I
|σA,L(ξ)|≥s
max{‖uξ‖2L∞(M ), ‖vξ‖2L∞(M)}

1
r
<∞.
Now we consider the case q′ ≤ p so that p′ ≤ q = (q′)′. Using the duality of Lp-
spaces we have ‖A‖
B(Lp(M),Lq(M)) = ‖A∗‖B(Lq′ (M ),Lp′(M )). The L∗-symbol of σA∗,L∗(ξ)
of the adjoint operator A∗, which is an L∗-Fourier multiplier, is equal to σA,L(ξ) and
obviously we have |σA,L(ξ)| = |σA∗,L∗(ξ)| (see Proposition 3.6 in [15]). Now, the idea
is to proceed as the case p ≤ q′ but this time for L∗-Fourier multiplier A∗ we get, as
an application of Hausdorff-Young inequality for L∗-Fourier transform and Theorem
4.7, that
‖A‖
B(Lp(M ),Lq(M)) = ‖A∗‖B(Lq′ (M),Lp′ (M)) . sup
s>0
s
 ∑
ξ∈I
|σA,L(ξ)|≥s
‖vξ‖2L∞(M)

1
q′
− 1
p′
.
Therefore, in the view of 1
p
− 1
q
= 1
r
= 1
q′
− 1
p′
we have
‖A‖
B(Lp(M),Lq(M)) . sup
s>0
s
 ∑
ξ∈I
|σA,L(ξ)|≥s
max{‖uξ‖2L∞(M ), ‖vξ‖2L∞(M)}

1
p
− 1
q
,
proving the Theorem 4.8.

In case when M is a compact manifold the condition 1 < p ≤ 2 ≤ q < ∞ can be
replaced by 1 < p, q <∞.
Corollary 4.9. Let 1 < p, q <∞ and assume that
sup
ξ∈I
(
‖vξ‖L∞(M)
‖uξ‖L∞(M)
)
<∞ and sup
ξ∈I
(
‖uξ‖L∞(M)
‖vξ‖L∞(M)
)
<∞.
Suppose that A : C∞L (M)→ C∞L (M) is a L-Fourier multiplier with L-symbol σA,L on
a compact manifold M. If 1 < p, q ≤ 2, then
‖A‖
B(Lp(M),Lq(M)) . sup
s>0
s
 ∑
ξ∈I
|σA,L(ξ)|≥s
max{‖uξ‖2L∞(M), ‖vξ‖2L∞(M)}

1
p
− 1
2
,
while for 2 ≤ p, q <∞ we have
‖A‖
B(Lp(M),Lq(M )) . sup
s>0
s
 ∑
ξ∈I
|σA,L(ξ)|≥s
max{‖uξ‖2L∞(M ), ‖vξ‖2L∞(M )}

1
q′
− 1
2
.
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Proof. Let us assume that 1 < p, q ≤ 2. Using the compactness of M, we have
‖A‖
B(Lp(M),Lq(M)) . ‖A‖B(Lp(M ),L2(M )) and therefore, Theorem 4.8 gives
‖A‖
B(Lp(M ),Lq(M)) . ‖A‖B(Lp(M),L2(M ))
. sup
s>0
s
 ∑
ξ∈I
|σA,L(ξ)|≥s
max{‖uξ‖2L∞(M ), ‖vξ‖2L∞(M )}

1
p
− 1
2
.
Now, let us assume that 2 ≤ p, q < ∞. Then 1 < p′, q′ ≤ 2, and using the first part
of the proof we deduce
‖A‖
B(Lp(M),Lq(M)) = ‖A∗‖B(Lq′ (M),Lp′(M ))
. sup
s>0
s
 ∑
ξ∈I
|σA,L(ξ)|≥s
max{‖uξ‖2L∞(M), ‖vξ‖2L∞(M)}

1
q′
− 1
2
.
Thus, we finish the proof. 
The following theorem presents our main result of this section on Lp-Lq bounded-
ness of pseudo-differential operators.
Theorem 4.10. Let 1 < p ≤ 2 ≤ q <∞ and assume that
sup
ξ∈I
(
‖vξ‖L∞(M)
‖uξ‖L∞(M)
)
<∞ and sup
ξ∈I
(
‖uξ‖L∞(M)
‖vξ‖L∞(M)
)
<∞.
Suppose that A : C∞L (M) → C∞L (M) is a continuous linear operators with L-symbol
σA,L :M × I → C, where M is a compact manifold, satisfying
‖σA,L‖(β) := sup
s>0, y∈M
s
 ∑
ξ∈I
|∂βy σA,L(y,ξ)|≥s
max{‖uξ‖2L∞(M ), ‖vξ‖2L∞(M)}

1
p
− 1
q
<∞,
(4.17)
for all |β| ≤
[
dim(M)
q
]
+1, where ∂y denotes the local partial derivative (see Section 2).
If ∂M 6= ∅, let us assume additionally that supp(σA,L) ⊂ {(y, ξ) ∈M×I : y ∈M \V }
where V ⊂ M is an open neighbourhood of the boundary ∂M. Then A admits a
bounded extension from Lp(M) into Lq(M).
Proof. Let us assume that f ∈ C∞0 (M). First, assume that ∂M 6= ∅. For every y ∈ M,
we define
Ayf(x) :=
∑
ξ∈I
uξ(x)σA,L(y, ξ)f̂(ξ), (4.18)
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so that Af(x) = Axf(x). By hypothesis we have supp(σA,L) ⊂ {(x, ξ) ∈M × I : x ∈
M \ V } so that supp(Af) ⊂M \ V. Then
‖Af‖q
Lq(M))
=
∫
M
|Af(x)|qdx =
∫
M\V
|Af(x)|qdx
≤
∫
M\V
sup
y∈M\V
|Ayf(x)|qdx.
Now, the compactness of M, and the local Sobolev embedding theorem on M \ V ⊂
M = int(M), implies
sup
y∈M\V
|Ayf(x)|q ≤ C
∑
|β|≤[dim(M)q ]+1
∫
M\V
|∂βyAyf(x)|qdy
.
∑
|β|≤[dim(M)q ]+1
∫
M
|∂βyAyf(x)|qdy
where for every β ∈ NdimM0 , the operator ∂βyA is defined by
(∂βyAy)f(x) :=
∑
ξ∈I
uξ(x)(∂
β
y σA,L)(y, ξ)f̂(ξ). (4.19)
Therefore, by using the change of the order of integration and Fubini Theorem we
get
‖Af‖q
Lq(M))
≤
∫
M
sup
y∈M\V
|Ayf(x)|qdx ≤ C
∫
M
∑
|β|≤[dim(M)q ]+1
∫
M
|∂βyAyf(x)|qdydx
≤ C
∑
|β|≤[dim(M)q ]+1
sup
y∈M
∫
M
|∂βyAyf(x)|qdx = C
∑
|β|≤[dim(M)q ]+1
sup
y∈M
‖∂βyAyf‖qLq(M )
≤ C
∑
|β|≤[dim(M)q ]+1
sup
y∈M
‖f 7→ Op(∂βy σA,L)f‖qB(Lp(M),Lq(M))‖f‖
q
Lq(M)
.
 ∑
|β|≤[dim(M)q ]+1
sup
s>0, y∈M
s
 ∑
ξ∈I
|∂βy σA,L(y,ξ)|≥s
max{‖uξ‖2L∞(M), ‖vξ‖2L∞(M )}

1
p
− 1
q

q
‖f‖q
Lq(M )
,
where the last inequality follows from Theorem 4.8. Hence,
‖A‖
B(Lp(M ),Lq(M))
. sup
s>0, y∈M
s
∑
|β|≤[dim(M)q ]+1
 ∑
ξ∈I
|∂βy σA,L(y,ξ)|≥s
max{‖uξ‖2L∞(M), ‖vξ‖2L∞(M)}

1
p
− 1
q
<∞.
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Now, if ∂M = ∅, we can take V = ∅ above and the proof above works in this case.
Thus, we finish the proof of Theorem 4.10. 
The following corollary is an analogue of Corollary 4.9 for pseudo-differential oper-
ators. The proof of this corollary follows similar to Corollary 4.9 by using Theorem
4.10.
Corollary 4.11. Let 1 < p, q <∞ and assume that
sup
ξ∈I
(
‖vξ‖L∞(M)
‖uξ‖L∞(M)
)
<∞ and sup
ξ∈I
(
‖uξ‖L∞(M)
‖vξ‖L∞(M)
)
<∞.
Suppose that A : C∞L (M) → C∞L (M) is a continuous linear operators with L-symbol
σA,L :M × I → C, where M is a compact manifold, satisfying
• for 1 < p, q ≤ 2,
sup
s>0, y∈M
s
 ∑
ξ∈I
|∂βy σA,L(y,ξ)|≥s
max{‖uξ‖2L∞(M ), ‖vξ‖2L∞(M)}

1
p
− 1
2
<∞,
for all |β| ≤
[
dim(M)
q′
]
+ 1, and
• for 2 ≤ p, q <∞,
sup
s>0, y∈M
s
 ∑
ξ∈I
|∂βy σA,L(y,ξ)|≥s
max{‖uξ‖2L∞(M), ‖vξ‖2L∞(M )}

1
q′
− 1
2
<∞,
for all |β| ≤
[
dim(M)
p′
]
+ 1.
If ∂M 6= ∅, let us assume additionally that supp(σA,L) ⊂ {(y, ξ) ∈M×I : y ∈M \V }
where V ⊂ M is an open neighbourhood of the boundary ∂M. Then A admits a
bounded extension from Lp(M) into Lq(M).
5. Applications to Non-Linear PDEs
In this section we illustrate some applications of our main results. In particular,
we discuss applications of the above Lp–Lq boundedness theorems to some nonlinear
PDEs. Especially, the main interest is to establish the well–posedness properties of
nonlinear equations.
5.1. Nonlinear Stationary Equation. Let us consider nonlinear stationary equa-
tion in the Hilbert space L2(M)
Au = |Bu|p + f, (5.1)
where A,B : L2(M) → L2(M) and 1 < p < ∞. For any s ∈ R let us denote by
HsL(M) the subspace of L2(M) such that
HsL(M) := {u ∈ L2(M) : Lsu ∈ L2(M)}.
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By H∞L (M) we denote
H∞L (M) :=
∞⋂
s=1
HsL(M).
Lemma 5.1 ([30]). Let A be an L–elliptic pseudo-differential operator with L-symbol
σA ∈ Sµ(M × I), µ ∈ R, and let Au = f in M , u ∈ H−∞L (M). Then we have the
estimate
‖u‖Hs+µL (M) ≤ CsN(‖f‖HsL(M) + ‖u‖H−NL (M)),
for any s,N ∈ R.
By using Lemma 5.1, we conclude estimates for the solution of the equation (5.1)
as the following statement.
Corollary 5.2. Let 1 ≤ p <∞. Suppose that the conditions of Lemma 5.1 holds. In
addition, we assume that B is a Fourier multiplier as in Theorem 4.10 bounded from
L2(M) to L2p(M). Then any solution of the equation (5.1) satisfies the inequality
‖u‖L2(M) ≤ CN(‖u‖2pL2p(M ) + ‖f‖L2(M ) + ‖u‖H−NL (M )).
for any N ∈ R.
Proof. By using Lemma 5.1, we have
‖u‖L2(M) ≤ CN(‖(Bu)p‖L2(M) + ‖f‖L2(M) + ‖u‖H−NL (M)).
Finally, from Theorem 4.10, we obtain
‖u‖L2(M) ≤ CN(‖u‖2pL2p(M ) + ‖f‖L2(M ) + ‖u‖H−NL (M )).

5.2. Nonlinear Heat Equation. Let us consider the Cauchy problem for the non-
linear evolutionary equation in the space L∞(0, T ;L2(M))
ut(t)− |Bu(t)|p = 0, u(0) = u0, (5.2)
where B is a linear operator in L2(M) and 1 < p <∞.
Definition 5.3. We say that the Cauchy problem (5.2) admits a solution u if it
satisfies
u(t) = u0 +
t∫
0
|Bu(τ)|pdτ (5.3)
in the space L∞(0, T ;L2(M)) for every T <∞.
We say that the Cauchy problem (5.2) admits a local solution u if it satisfies the
equation (5.3) in the space L∞(0, T ∗;L2(M)) for some T ∗ > 0.
Theorem 5.4. Let 1 < p <∞. Suppose that B is a Fourier multiplier as in Theorem
4.8 bounded from L2(M) to L2p(M). Then the Cauchy problem (5.2) has a local
solution in L∞(0, T ;L2(M)), that is, there exists T ∗ > 0 such that the Cauchy problem
(5.2) has a solution in L∞(0, T ∗;L2(M)).
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Proof. We start by integrating in t the equation (5.2),
u(t) = u0 +
t∫
0
|Bu(τ)|pdτ.
By taking the L2-norm on both sides, one obtains
‖u(t)‖2
L2(M)
≤ C(‖u0‖2L2(M ) + t
t∫
0
‖(Bu(τ))‖2p
L2p(M )
dτ),
since ( t∫
0
|Bu(τ)|pdτ
)2
≤ t
t∫
0
∣∣∣Bu(τ)∣∣∣2pdτ
and ∫
M
t∫
0
∣∣∣Bu(τ)∣∣∣2pdτdx = t∫
0
∫
M
∣∣∣Bu(τ)∣∣∣2pdxdτ = t∫
0
‖Bu(τ)‖2p
L2p(M)
dτ.
Now, using Theorem 4.8, we get
‖u(t)‖2
L2(M)
≤ C(‖u0‖2L2(M) + t
t∫
0
‖u(τ)‖2p
L2(M)
dτ), (5.4)
for some constant C independent from u0 and t.
Finally, by taking L∞-norm in time on both sides of the estimate (5.4), one obtains
‖u(t)‖2
L∞(0,T ;L2(M ))
≤ C(‖u0‖2L2(M) + T 2‖u‖2pL∞(0,T ;L2(M ))). (5.5)
Let us introduce the following set
Sc := {u ∈ L∞(0, T ;L2(M)) : ‖u‖L∞(0,T ;L2(M )) ≤ c‖u0‖L2(M)}, (5.6)
for some constant c ≥ 1. Then we have
‖u0‖2L2(M) + T 2‖u‖2pL∞(0,T ;L2(M )) ≤ ‖u0‖2L2(M) + T 2c2p‖u0‖
2p
L2(M)
.
Finally, to be u from the set Sc it is enough to have
‖u0‖2L2(M ) + T 2c2p‖u0‖2pL2(M) ≤ c2‖u0‖2L2(M).
It can be obtained by requiring the following,
T ≤ T ∗ :=
√
c2 − 1
cp‖u0‖L2(M)
.
Thus, by applying the fixed point theorem, there exists a unique local solution u ∈
L∞(0, T ∗;L2(M)) of the Cauchy problem (5.2). 
By using Theorem 4.10, one obtains:
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Theorem 5.5. Let 1 < p < ∞. Suppose that B is a continuous linear operators
with L-symbol σB,L : M×I → C, satisfying the condition in Theorem 4.10. Then the
Cauchy problem (5.2) admits a local solution in L∞(0, T ;L2(M)), that is, there exists
T ∗ > 0 such that the Cauchy problem (5.2) has a solution in L∞(0, T ∗;L2(M)).
5.3. Nonlinear Wave Equation. Now we study well-posedness properties of the
initial value problem (IVP) for the nonlinear wave equation (NLWE) in L∞(0, T ;L2(M))
utt(t)− b(t)|Bu(t)|p = 0, (5.7)
u(0) = u0, ut(0) = u1,
where b is a positive bounded function depending only on time, B is a linear operator
in L2(M) and 1 < p <∞.
Definition 5.6. We say that IVP (5.7) admits a global solution u if it satisfies
u(t) = u0 + tu1 +
t∫
0
(t− τ)b(τ)|Bu(τ)|pdτ (5.8)
in the space L∞(0, T ;L2(M)) for every T <∞.
We say that the Cauchy problem (5.7) admits a local solution u if it satisfies the
equation (5.8) in the space L∞(0, T ∗;L2(M)) for some T ∗ > 0.
Theorem 5.7. Let 1 ≤ p < ∞. Assume that u0, u1 ∈ L2(M). Suppose that B is a
Fourier multiplier as in Theorem 4.8 bounded from L2(M) to L2p(M).
(i) Assume that ‖b‖L2(0,T ) <∞ for some T > 0. Then the Cauchy problem (5.7)
has a local solution in L∞(0, T ;L2(M)), that is, there exists T ∗ > 0 such that
the Cauchy problem (5.7) has a solution in L∞(0, T ∗;L2(M)).
(ii) Suppose that u1 is identically equal to zero. Let γ > 3/2. Moreover, assume
that ‖b‖L2(0,T ) ≤ c T−γ for every T > 0, where c does not depend on T . Then,
for every T > 0, the Cauchy problem (5.7) has a global solution in the space
L∞(0, T ;L2(M)) for sufficiently small u0 in L
2-norm.
Proof. (i) We start by two times integrating in t the equation (5.7)
u(t) = u0 + tu1 +
t∫
0
(t− τ)b(τ)|Bu(τ)|pdτ.
By taking the L2-norm on both sides, for t < T one obtains
‖u(t)‖2
L2(M )
≤ C(‖u0‖2L2(M) + t‖u1‖2L2(M) + t2‖b‖2L2(0,T )
t∫
0
‖(Bu(τ))‖2p
L2p(M)
dτ),
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since ∣∣∣ t∫
0
(t− τ)b(τ)(Bu(τ))pdτ
∣∣∣2 ≤ (t t∫
0
∣∣∣b(τ)(Bu(τ))p∣∣∣dτ)2
≤ t2
t∫
0
∣∣∣b(τ)∣∣∣2dτ t∫
0
∣∣∣Bu(τ)∣∣∣2pdτ
and ∫
M
t∫
0
∣∣∣Bu(τ)∣∣∣2pdτdx = t∫
0
∫
M
∣∣∣Bu(τ)∣∣∣2pdxdτ = t∫
0
‖Bu(τ)‖2p
L2p(M)
dτ.
Now, using conditions on the operator B, we get
‖u(t)‖2
L2(M)
≤ C(‖u0‖2L2(M ) + t‖u1‖2L2(M) + t2‖b‖2L2(0,T )
t∫
0
‖u(τ)‖2p
L2p(M)
dτ), (5.9)
for some constant C not depending on u0, u1 and t. Finally, by taking the L
∞-norm
in time on both sides of the estimate (5.9), one obtains
‖u‖2
L∞(0,T ;L2(M ))
≤ C(‖u0‖2L2(M )+T‖u1‖2L2(M)+T 3‖b‖2L2(0,T )‖u‖2pL∞(0,T ;L2(M))). (5.10)
Let us introduce the set
Sc := {u ∈ L∞(0, T ;L2(M)) : ‖u‖2L∞(0,T ;L2(M)) ≤ c(‖u0‖2L2(M )+ T‖u1‖2L2(M))} (5.11)
for some constant c ≥ 1. Then we have
‖u0‖2L2(M) + T‖u1‖2L2(M) + T 3‖b‖2L2(0,T )‖u‖2pL∞(0,T ;L2(M))
≤ ‖u0‖2L2(M ) + T‖u1‖2L2(M ) + T 3‖b‖2L2(0,T )cp(‖u0‖2L2(M) + T‖u1‖2L2(M))p.
(5.12)
Observe that, to be u from the set Sc it is enough to have
‖u0‖2L2(M ) + T‖u1‖2L2(M ) + T 3‖b‖2L2(0,T )cp(‖u0‖2L2(M) + T‖u1‖2L2(M))p
≤ c(‖u0‖2L2(M) + T‖u1‖2L2(M)).
It can be obtained by requiring the following
T ≤ T ∗ := min
( c− 1
‖b‖2L2(0,T )cp‖u0‖2p−2L2(M)
)1/3
,
(
c− 1
‖b‖2L2(0,T )cp‖u1‖2p−2L2(M)
) 1
p+2
 .
Thus, by applying the fixed point theorem, there exists a unique local solution u ∈
L∞(0, T ∗;L2(M)) of the Cauchy problem (5.2).
Now we prove Part (ii). By repeating the arguments of the proof of Part (i), we
start from (5.10). By taking into account assumptions, we have
‖u‖2
L∞(0,T ;L2(M))
≤ C(‖u0‖2L2(M) + T 3−2γ‖u‖2pL∞(0,T ;L2(M))). (5.13)
Fix c ≥ 1. Introduce the set
Sc := {u ∈ L∞(0, T ;L2(M)) : ‖u‖2L∞(0,T ;L2(M )) ≤ cT γ0‖u0‖2L2(M)},
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with γ0 > 0 is to be defined later. Now, we have
‖u0‖2L2(M) + T 3‖b‖2L2(0,T )‖u‖2pL∞(0,T ;L2(M))
≤ ‖u0‖2L2(M) + T 3−2γ+γ0pcp‖u0‖2pL2(M),
where γ0 to be chosen later.
To guarantee u ∈ Sc, we require that
‖u0‖2L2(M) + T 3−2γ+γ0pcp‖u0‖2pL2(M) ≤ cT γ0‖u0‖2L2(M ).
Now by choosing 0 < γ0 <
2γ−3
p
such that
γ˜ := 3− 2γ + γ0p < 0,
we obtain
cp‖u0‖2p−2L2(M) ≤ cT−γ˜+γ0 .
From the last estimate, we conclude that for any T > 0 there exists sufficiently small
‖u0‖L2(M) such that IVP (5.7) has a solution. It proves Part (ii) of Theorem 5.7. 
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